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New Formulation for General Spatial Motion of Flexible Beams
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A previously developed flexible body dynamic formulation for beam structures undergoing large overall pre-
scribed planar motion is extended to the study of general spatial motion. The formulation, called the augmented
imbedded geometric constraint (AIGC) approach, is restricted to small elastic deformations of the beam structure.
The extension allows the study of a broader spectrum of problems involving systems with applied forces/torques
where the overall motion is not known. Thus, the formulation can be used to study the two-way interaction between
overall motion and local deformation that is fundamental to a general-purpose flexible body dynamic formula-
tion. The AIGC approach describes the behavior with a set of differential equations linearized in terms of the
deformation degrees of freedom (but not in the degrees of freedom describing the overall motion) and a number
of constraint equations describing the physical attachments of the ends of beam. The effects of torsion, rotatory
inertia, and an offset between the centroid and shear center of the beam (eccentricity) are included, but transverse
shear deformation is neglected. The accuracy of the extended formulation is illustrated by comparing solutions of
two problems to independently obtained solutions.

Introduction

I NTEREST in flexible body dynamics, the coupling between large
overall motion and local deformation in structural dynamics,

has increased significantly since the early 1960s. Efforts to develop
general-purpose analysis tools to address flexible body dynamics
can be broken into two general classifications, nonlinear finite el-
ement approaches and rigid body dynamic approaches modified to
allow local flexibility. The former strategy is used by Simo and Vu
Quoc1 and Christensen and Lee,2 whereas the later is the approach
adopted by Kane et al.3 In Ref. 3, the authors discussed the need to
develop element-specific approaches in order to include interrela-
tionships between the components of local deformation. They devel-
oped a beam-specific formulation, often referred to as the imbedded
geometric constraint (IGC) approach. A similar formulation was
developed by Yoo,4 referred to as the nonlinear strain displacement
(NSD) approach, to overcome the inability of the IGC approach to
accurately solve problems where the lateral deformation of the beam
structure is dominated by membrane stiffness. However, the NSD
approach does not reliably solve problems where the lateral defor-
mation of the beam structure is dominated by bending stiffness. The
inability of these two approaches to accurately solve both classes of
problems prompted the authors5 to develop another formulation that
is capable of accurately solving both classes of problems. This new
formulation is referred to as the augmented imbedded geometric
constraint (AIGC) approach (restricted to planar prescribed motion
in Ref. 5).

Here the AIGC approach is extended to general beam dynamics
problems, with the assumption of small elastic local deformation.
This is accomplished by permitting three-dimensional motion and
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deformation and allowing the overall motion to be unknown. The
removal of the prescribed motion restriction allows the AIGC ap-
proach to study the two-way interaction between overall motion and
local deformation, which is a fundamental issue in flexible body dy-
namics. As in Ref. 5, the development presented here involves the
dynamics of a single beam. The extension of the AIGC approach
presented in this paper closely follows the original IGC development
in Ref. 3 and a subsequent extension6 of that work to nonprescribed
motion. As a result, this paper will concentrate on the major differ-
ences between the two approaches and will leave out many of the
details covered in Refs. 3 and 6. Interested readers can also find a
detailed presentation in the Ph.D. Dissertation of Haering.7

As discussed in Ref. 5, the primary difference between the AIGC
and IGC approaches is that the differential equations of motion from
the IGC approach, referred to as the system differential equations
in the AIGC approach, have constraint equations added to enforce
the physical boundary conditions for the beam structure. This set
of differential equations with algebraic constraints forms the equa-
tions of motion for the AIGC approach. In addition, a set of general
modal functions is employed in the AIGC approach to ensure the
ability to satisfy any boundary conditions and to prevent inadver-
tently imposing boundary conditions that may not be correct for a
specific problem.

Physical Model and System Differential Equations
The three-dimensional beam model is shown in Fig. 1. A flexible

beam B is attached to a rigid base A at point O. The mass of body
A is given by mA, and the center of mass is located at a point A*
(not shown in Fig. 1). A dextral set of unit vectors, a\,a2,a1>, is
fixed in A, with the a\ direction aligned with the undeformed elastic
axis of the straight beam. Following Kane et al.,3 a2 and «3 are
aligned with the principal area moment of inertia axes of the beam.
Prior to deformation, a point on the elastic axis contained within
a generic cross section, dB, is located at point Co at a distance
x measured along the undeformed elastic axis. After deformation,
that point on the elastic axis within cross section dB is located at
point C, at a distance of x + s measured along the deformed elastic
axis. An additional set of dextral unit vectors, b\, b2, £3, are fixed
in cross section dB and are aligned with a 1,^2,^3, respectively,
when the beam is undeformed. The mass per unit length of the
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Fig. 1 Three-dimensional beam model.

beam is p, and the mass moments and products of inertia of A are
Jij (/, j = 1, 2, 3), where / and j refer to the a\, a2, «3 unit vectors.
The centroid of section d B is located at point P, which is off set from
the point C on the elastic axis by the eccentricity vector e given by

e = e2b2 (D

Allowing general three-dimensional deformation, the position vec-
tor from the attachment point O to the centroid PofdBis given by

pop = u\)a\ -f w3a3 + e2b2 (2)

where u\a\, w2«2, and w3a3 represent orthogonal components of the
beam deformation.

The orientation of section dB relative to body A can be described
by three successive rotations of amounts 0\,92, and #3 about lines
parallel to unit vectors a\, a2, and a3, respectively. This particular
set of orientation angles is chosen to facilitate the introduction of
beam torsion and rotatory inertia. The relative orientation of dB and
A is described by the following direction cosine matrix:

Cd
rc2c3

= C2S3

L-S2

s{s2c3 -

where

and

(ij = 1,2,3)

= sin Oj, Ci = cos Oi, / - 1,2,3

(3)

(4)

(5)

Here Q\ is introduced to account for twist and 02 and 63 allow shear
deformation to be introduced (see Refs. 3 or 7),

Shear deformation is generally negligible in long beams, and it
will not be included in this development. With it neglected, the
angles 02 and 63 can be related to the spatial derivatives of the
deformations u2 and w3 as

(6)

The relations in Eq. (6) are then used to replace #2, #3, and all func-
tions of those two variables, with functions of u2 and w3.

The deformation measures s, w2 , w3, and 9\ are represented as
follows:

(7)

where </>/7(;t)(/ = 1 , . . . , 4, j = 1 , . . . , y) are modal functions the
selection of which will be discussed later. The qj(j = 1 , 2 , . . . , y)
are the first y generalized coordinates.

The system differential equations are developed using Kane et
al.'s8 approach. The contribution to the generalized active force from
internal forces acting in the beam can be obtained from the following
strain energy function V, which takes into account axial stretching,
transverse bending, and torsion:

1

/'•Jo
dx (9)

where E, A0, G, A:', 72, and 73 are the modulus of elasticity, cross-
sectional area, shear modulus, effective torsional constant, and the
area moments of inertia about the b2 and Z>3 axes, respectively.

Four measures of the beam deformation have been introduced
5, u\, w2 , and w3, but due to the nature of beam deformation, only
three are independent. They are related by the following relationship
(see Refs. 4 or 7):

-[ dcr (10)

where a is a dummy variable of integration. This relationship can
be reduced to the following more useful form (see Ref. 7):

where (^m)ij is defined as
(11)

(12)

where a prime in this case denotes a derivative with respect to a.
Note that G^m),;0, 7 = 1, 2 , . . . , v, fc, w = 2, 3) are indefinite
integrals. For the shape functions chosen, they can be determined
explicitly (see Ref. 7).

In this paper, only external forces applied to body A will be
considered. Reference 6 contains a development including exter-
nal forces applied to the beam structure itself and gravitational
forces, and that development is directly applicable to the AIGC
approach.

Forces and torques applied to body A can be replaced by an
equivalent set, including a force acting through the mass center,
(R)A\ and a torque (T)A as follows:

(R)A* =

(T)A -

R2Aa2

T2Aa2

(13)

(14)
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The discussion above highlights the essential mechanical ingre-
dients of the theory. The derivation of the system differential equa-
tions is quite lengthy, and details will not be given here. They can be
found in Refs. 3 and 6 (transverse shear deformation included) and
also in Ref. 7 (both with and without transverse shear deformation
included).

The system differential equations for nonprescribed motion are
given by the form

u+6 v+6

7=1

/ = 1,2, , v + 6 (15)

The first y generalized coordinates (gy, j — 1, 2, . . . , y) were
introduced above. The last six generalized coordinates (g; , j —
y + 1 , . . . , y + 6) are angular, and translational measures used to
describe the orientation and location of the rigid base, body A,
in the Newtonian reference frame. The first v generalized speeds
(w*, j = 1, 2, . . . , y) are the time derivatives of the correspond-
ing generalized coordinates. The remaining six generalized speeds
(u*, j = y + 1, . . . , v + 6) describe the overall motion of the
body A. The y + 6 unknowns (M*, j = 1, 2, . . . , y + 6) are the
time derivatives of the generalized speeds. The matrices M, G,
and K contain, in addition to constants (resulting from integrals
over the domain of the beam), terms involving the generalized co-
ordinates and/or generalized speeds. The column matrix F con-
tains nonlinear terms in the generalized coordinates and generalized
speeds. It should be noted that, because of the nature of matrices
M, G, K, and F, the set of differential equations in Eq. (15) is
nonlinear.

Constraint Equations and Modal Function Selection
The use of constraint equations to enforce the beam boundary

conditions and proper selection of the corresponding global shape
(modal) functions are the primary differences between the AIGC
approach and the IGC and NSD approaches (Refs. 3, 4, and 6). As
demonstrated in Ref. 5, the use of constraints and proper modal func-
tion selection allows the AIGC approach to accurately solve beam
dynamics problems where the lateral deformations of the beam are
dominated by either bending or membrane stiffness. This stems
from the ability of the AIGC approach to enforce boundary condi-
tions that cannot be explicitly defined in the deformation measures
chosen.

In particular, the previously developed IGC approach uses s, u2,
and w3 as deformation measures and can only ensure satisfaction of
boundary conditions explicitly defined in those deformation mea-
sures. As a result, the IGC approach fails to accurately solve beam
problems where the lateral deformations are dominated by mem-
brane stiffness, which includes a boundary condition explicitly de-
scribed in terms of the u \ deformation measure. Conversely, the NSD
approach uses the u \ , u2, and u^ deformation measures and therefore
can only ensure satisfaction of boundary conditions explicitly de-
fined in those deformation measures. Thus, the NSD approach fails
to accurately solve some beam problems where the lateral deforma-
tions are dominated by bending stiffness, which includes boundary
conditions explicitly described in terms of the 5 deformation mea-
sure. The AIGC approach overcomes these limitations by enforcing
boundary conditions that are not explicitly defined in terms of the
chosen deformation measures through the use of constraint equa-
tions. Furthermore, the general nature of the AIGC approach allows
the solution of problems where the dominant elastic effects are not
known a priori.

The physical boundary conditions for the beam can be related to
the deformations at the beam ends. This is accomplished directly
with the relationships in Eqs. (7), (8), and (11) for deformation
conditions or with spatial derivatives of those relationships for force
or moment conditions.

Specifically, consider a beam cantilevered to a rigid mass, as the
one shown in Fig. 1. The boundary conditions for that beam are
those for a cantilever beam with the built-in end located at x = 0

and the free end at x = L and are given by the following:

S\x=0 = 0, M2 |.x=0 = 0,

3u2

a*3

= 0,

= 0

-o,

(16)

a*2

Corresponding to these 12 boundary conditions are 12 con-
straint equations relating the deformation generalized coordinates

k= 1,2, 3,4

£-2 ,3

A: =1 ,4 (17)

where a prime in this case denotes a derivative with respect to x. For
simplicity, the 12 constraints expressed in Eq. (17) are represented
as

= 1 , 2 , . . . , 12 (18)

The modal functions 0/y (x)(i — 1 , . . . , 4, j = 1 , . . . , v) are devel-
oped using the substructuring techniques developed by Craig and
Bampton9 and are discussed in depth in Refs. 5 and 7. This technique
subdivides the modal functions into two subsets called dynamic and
static modal functions. For the sake of completeness, that procedure
will be briefly discussed here.

The same modal functions are used to describe the lateral defor-
mation measures u2 and w3 . On the other hand, the axial stretch s
and the twisting deformation 0\ are described by a different single
set of modal functions. The same modal functions are used for the
axial stretch and twist, because, for a simple rod, axial and twisting
behavior is governed by wave equations of the same basic form.

The lateral dynamic modal functions are developed from an eigen-
analysis for lateral vibration of a nonrotating beam with bound-
ary conditions of zero displacement and zero slope at both ends.
The lateral static modes are obtained by applying unit displace-
ments (or rotations) in the directions held fixed in developing the
dynamic modes. While enforcing each unit displacement or rota-
tion, the other displacements or rotations are held fixed. For exam-
ple, one such shape function satisfies the conditions 0(0) = 1 and
0'(0) — 0(L) = 0;(L) = 0, where 0 is a generic static shape
function.

For the stretch/twist modal functions, the dynamic functions are
developed from an eigenanalysis for axial vibration of a nonrotating
rod with boundary conditions of zero displacement at both ends. The
static modes are obtained by applying unit displacements at each end
while holding the other end fixed.

This method of selecting the modal functions serves two purposes.
First, the set of modal functions are general enough to satisfy any
boundary condition. Second, they do not satisfy any particular end
condition; thus they prevent inadvertently satisfying any boundary
condition that may be incorrect for the problem at hand.
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Equations of Motion and Solution Technique
The final equations of motion are obtained by combining the

system differential equations [Eq. (15)] with the constraint equa-
tions describing the appropriate boundary conditions [Eq. (18) for
the bending stiffness dominated problem being considered] to form
a set of differential-algebraic equations. Thus, for the case being
considered (nonprescribed motion and bending dominated lateral
deformations), the equations of motion are

v+6 v+6 v+6

Kijqj = Fh

7=1

i = 1,2, . . . , v ®* = 0, £ = 1,2, . . . , 1 2
(19)

In the case where the overall motion is assumed known, there are six
fewer differential equations than there are in Eq. (19) (see Ref. 7). It
is worth noting that the system differential equations are linear (but
with time-varying coefficients) when the motion is known.

For the results about to be discussed, the equations of motion were
solved using Baumgarte's10 approach. In general, the values of the
constraint stabilization parameters a and f> are chosen such that no
significant constraint drift is noticed over the range of simulation.
In the results provided subsequently, the values a = ft = 0 were
found to be satisfactory (nonzero values for a. and /3 were required
for work presented in Ref. 5).

Verification
The validity of this spatial extension of the AIGC approach will

be investigated by comparing simulations for two distinct problems.
First, a nonprescribed motion problem will be investigated, demon-
strating the ability of the AIGC approach to capture the two-way
coupling between overall motion and local deformation associated
with this type of problem. Second, a three-dimensional prescribed
motion problem for a beam with an offset of the shear center and
centroid, commonly referred to as noncompact, will be investigated.
This problem exhibits multiaxial coupling not present in the two-
dimensional work in Ref. 5 and coupling introduced by the offset
of the shear center and centroid.

The ability to accurately describe nonprescribed motion problems
is demonstrated by analyzing a problem studied by Ryan6, namely
a torque prescribed about the #3 axis for the system shown in Fig. 1.
The mass and inertia properties of the rigid base and the charac-
teristics of the beam are given in Table 1 . In addition, the beam is
attached to body A at a point offset from the mass center by the
vector l«i + 0«2 -f- 0«3 (measured in meters). The applied torque
[(defined in Eq. (14)] is given by

0.1 N-m,
ON-m,

if
if

0 < t < 5 s
t > 5 s

(20)

The #3 measure of the angular velocity is shown in Figs. 2 (AIGC)
and 3 (Ryan's IGC solution). It is seen that the results are almost
identical. Similar results were also found for the beam deformation
but are not given here. This simulation demonstrates the ability of
the AIGC approach to accurately solve simultaneously for overall
motion and local deformation when forces/torque are applied.

The three-dimensional prescribed motion problem is illustrated
in Fig. 4. Links L\ and L2 are assumed rigid (length of 8 m); link
1,3, possessing a channel section, is analyzed as a flexible beam (see
Table 2 for characterization) with the AIGC approach. The motion

Table 1 Physical constants for spatial nonprescribed
motion problem

L = 20m
p = 0.2 kg/m
E = l . O x 1010N/m2

G = 5 x 109 N/m2

Ao = 9.30 x 10~2 m2

/, = 73 =5 x 10-10m4

K' = 1.2 x 10-9m4

mA

Jn
J22
hi
Jn

?2

= 120kg
= 100kg-m2

= 50 kg-m2

= 130 kg-m2

= Jl3 = */23 =
= £>3 =0

0

Table 2 Flexible-beam characterization for spatial
prescribed motion problem

L3 = 8m
p = 2.02 kg/m
E = l .Ox 1010N/m2

G = 5 x 109 N/m2

A0 = 7.3 x 1(T5 m2

/2 = 4.8746 x 1(T9 m4

if' = 2.446 x 10-

= 0.0185 m

2.5-
j\ 1

ij i

•

V

•\

<•<
0 100 200

Time (Sec)

Fig. 2 Overall beam angular velocity (AIGC) for spatial nonprescribed
motion problem.

/2001,

V

Time (Sec)

Fig. 3 Overall beam angular velocity (Ryan) for spatial nonprescribed
motion problem.

(angles of rotation) of the joints is described by the following (where
T = 15 s):

-rad

n— rad
4

lOrad

27Tt

2nt

T . 2nt\— sin —— I rad
2n T

if 0 < t < T

if t > T

(21)

if 0 < r < T

if t > T

(22)

if 0 < t < T

if t > T
(23)

This problem, similar to one studied by Kane et al.,3 was simulated
using the AIGC approach and a discrete ADAMS11 model. The
results for the lateral, axial, and twisting deformations of the beam
tip are given in Figs. 5-8. Excellent agreement as regards w3 is seen in
Fig. 5. Also, excellent agreement for u2 during the forced-response
portion is seen in Fig. 6. Differences in phase and amplitudes are
seen in the free-response portion. Some significant differences as
regards the predictions of the axial and twist deflection are noted
from Figs. 7 and 8. Definitive conclusions relative to the accuracy of
these deformations cannot be made without additional independent
solutions.
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Fig. 4 Physical system for spatial prescribed motion problem.

Legend
AICC

A\j\j
0 5 10 t5 20

Time (Sec)

Fig. 5 Lateral (113) beam tip deflection for spatial prescribed motion
problem.

Fig. 6 Lateral (112) beam tip deflection for spatial prescribed motion
problem.

0 5 10 15 20
Time (Sec)

Fig. 7 Axial beam tip deflection for spatial prescribed motion problem.

Fig. 8 Axial beam tip twist deflection for spatial prescribed motion
problem.

Additional Classes of Problems
All problems that have been addressed in this paper and in Ref.

5 have beam boundary conditions that are time invariant and are
explicitly zero. The AIGC approach could be easily adapted to
problems where the above restriction does not apply. For exam-
ple, consider adding a rigid mass at the free end of the beam shown
in Fig. 1; in this case, the bending moment, transverse shear load,
and axial strain are not zero at the right-hand end but are related
to the acceleration and angular acceleration (time varying) of the
attached mass. The mass at the right-hand end has to be treated
differently from the one at the left (rigid base) because of the co-
ordinate system employed. The AIGC approach could be extended
to such problems by rewriting the constraints used to enforce the
boundary conditions.

Conclusions
In this paper, the AIGC approach has been extended to allow

three-dimensional motion and deformation, and the overall motion
is no longer restricted to a known function of time. This extended
capability has been demonstrated by investigating the following two
problems: 1) a problem with an applied torque (nonprescribed mo-
tion), exhibiting two-way coupling between local deformation and
overall motion, and 2) a three-dimensional prescribed motion prob-
lem with torsion and eccentricity. Excellent agreement with an exist-
ing solution was shown for the first problem. For the second problem,
good agreement of the lateral deformation to an independent solu-
tion was shown. Differences for the axial and twist deformation as
compared to that independent solution were found. The ultimate res-
olution of these differences awaits additional independent solutions.
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